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I. Introduction
Inchemicalreactions,mostofthenucleicanbeconsideredasclassicalparticles,
anddynamicsusingclassicalmethodsuccessfullydescribethe processof
chemicalreaction.Theelectronsdoneedtobetreatedquantum-mechanicallyto
understandchemicalreactions.Butinsomereactions,thebehaviorof somenuclei
is quantum echanical;theclassicalmethodis notaccurateanymore.Themain
differencebetweenclassicalmechanicsand quantummechanicsis that in
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quantum echanics,particlesneedtobetreatedaswavefunctiononaccountof
theDeBrogliewave/particleduality.For example,hydrogenbondingproperties
involvingprotonscanbeaffectedbynuclearquantization.Studyingthebehavior
of theprotonwill helpusunderstandthemechanismof somereaction,where
protontransferplaysanimportantrole.Hence,thereis a needto studythese
problemsusingQuantumDynamics.
II. Reviewofbackgroundin myresearch
2.1QuantumWavepacketAtom-centeredDensityMatrix Propagation
Recently,a quantumdynamicsapproach-Atom-centeredDensityMatrix
Propagation(ADMP)hasbeendeveloped,whichisusedtotreatelectron-nuclear
dynamicsin largesystems.Themethodturnsoutto beverypowerful.In this
scheme,theelectronicstructure,representedusingthesingleparticleelectronic
densitymatrix,ispropagatedsimultaneouslywiththeclassicalnucleibyasimple
adjustmentof therelativenuclearandelectronictime-scales,whichis effectedby
usinganextendedLagrangianscheme.In otherwords,inADMP, boththenuclei
andelectronsaretreatedby classicalmethod,but in somesystems,certain
subsystemsbehavequantum echanically,soinsteadof applyingADMP onthis
subsystem,wewill useQuantumWavepacketPropagation,whichbasicallytreat
sthesubsystemaswavefunctionandletthewavefunctionpropagateinthespace.
Themethodto treathewholesystemsi calledQuantumWavepacketAtom-
centeredDensityMatrixPropagation.TheQuantumWavepacketPropagationcan
alsobecombinedwithBorn-Oppenheimerdynamicstostudya largesystem,in
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whichthenucleiandelectronsaretreatedusingBO,andthequantumsubsystem
istreatedusingQuantumWavepacketPropagation.
ThemainstepsfortheQuantumWavepacketADMP propagationisasfollows:
Firstwestartfromthefundamentalequationin quantum echanics-theTime-
DependentSchrodingerEquation(TDSE).
iti~v;(r,R;t)=Hv;(r,R;t)at (1)
If weassumethatheseindividualpartsofthefull systemonlyinteractwitheach
otherin anaveragesensethenwemayemployDirac'sTime-DependentSelf-
ConsistentField (TDSCF) methodlike partitioningschemewherethe full
electron-nuclearsystemis dividedintothreeparts:subsystemI will betreated
quantumdynamically,subsystem2 andsubsystem3will betreatedusingADMP
orBO.BasedonTDSCF,wecanreduceEq.(I) intothreeseparateequations
iti~V;) (RQM;t) =HtV;)(RQM;t)at (2)
iti~V;2(Rc;t)=H2V;2(Rc;t)at (3)
iti~V;3(r,t)=H3V;3(r,t)at (4)
Eq. (3)andEq. (4)standforclassicalnucleiandelectrons;theywill betreated
usingADMP.
For Eq. (2), the solution is
V;(t+6t)=exp{-i if tI ti}V;(t) ,
where
exp{-i if t/ ti} is calledpropagator.It propagatesthewavefunctionfromtime=
t totime=t + f..t. If weguesstheinitialwavepacketofthequantum echanical
- --- - -- n -n_u u_-- Un n-
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systemattime=0,thenbyusingthepropagator,wecanobtainthewavefunction
atanytime.Thus,anyobservablephysicalpropertycanbeobtainedusingthe
1\
wavefunction.SymbolH is theHamiltonianoperator,whichisasumofkinetic
1\ 1\
(K,) operatorandpotential(v) energyoperator.
2.2DistributedApproximatingFunctionalfor kineticpropagator
Thepropagatorcanbeapproximatedusingakineticreferencesymmetricsplit
operatorapproach:
{
I\
}
1\ 1\ 1\
exp -iH6t/ti =exp{-iv6tl2ti}exp{-iK,6t/ti}exp{-iK,6t/2ti}+O(6t3) (5)
Weusethisapproximationbecauseit providesdynamicsthatstrictlyobeystime-
reversalsymmetry.In thepositionrepresentation,thepotentialenergyoperatoris
1\
local.Numerically,thismeansthematrixfor thepotentialpart exp{-iK,6t/2ti}
is diagonal.Thefreepropagatoris localin momentumrepresentation,butnon-
localinpositionrepresentation,whichmeansthematrix,isnotdiagonalanymore.
Thereare severalapproachesto obtaintheresultof freepropagatoractingon
wave packet.In currentwork, we use DistributedApproximatingFunctional
(DAF) representationf rthepositionrepresentationofthefreepropagator.Inthis
representation,thefreepropagatorisabanded,sparsematrix.
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III. ResearchWork
3.1A briefviewof myresearch
The quantummechanicalsubsystemwe are goingto studyis actuallya
quantumparticlein potentialwell.Theparticleis confinedtothepotentialwell,
whichinturn,iscreatedbythemovementofthesurroundingclassicalatomsand
electrons.For givenclassicalnucleigeometryanddensitymatrix,movethe
quantumalongtheuniformgridpoint,on everygridpoint,solvetheTime-
IndependentSchrodingerEquationfor thequantumparticle,we can getthe
potentialenergysurfacealongthegridspace.In ADMP, thepotentialenergyis
writtenasadensityfunctionalusingMcWeenypurificationforthedensitymatrix.
Forthisparticlein a boxproblem,thewavefunctionis zeroonandoutsidethe
boundaries.This is theboundaryconditionfor solvingEq. (2),whichis called
Dirichletboundarycondition.Theconstructionof DAF representationfor free
propagatoratthegridpointneedstheinformationofwavefunctionfromthelocus
of pointscloseto it. So nearthe boundaries,the resultsusingthe DAF
representationfor freepropagatoris notas accurateas in themiddleof the
potentialwell, becausewe don't havewavefunctionoutsidethebox. Thus, a
morestablerepresentationf rfreepropagatorisneeded.
3.2Symmetry-adaptedDAF Representationfor freepropagator
3.2.1DAF Representationfor freepropagator
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Where
{o-(~tQM)r=0-(0)2+i~tQMn
MQM
(7)
AndH2n(x)areHermitepolynomialsofevenorder.Eq.(6)isobtainedfromthe
well-knownanalyticalexpressionforfreeevolutionofaGaussianfunction,
{
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exp Q exp--
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(8)
alongwith the fact thatthe Hermitefunctionsare generatedfrom Gaussians
accordingto
x2
]
n dn y
I
x2
H (x)expl-- =(-1) -exp--
n 20-2 dxn 20-2
(9)
Sincethederivativeoperators:;n commutewith the freepropagator,the
Hermitefunctionscanbeusedas a basisto expandtheexactquantumfree
propagatorwithcoefficientsas describedin Eq. (6).This yieldsan efficient
propagationschemetoperformquantumdynamicsandFeynmanpathintegration
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throughtheactionof abanded,sparse,Toeplitzmatrixonavector.
Eq. (6) is presentedin itscontinuousformandis validforall valuesof RQMand
R'QM.Here the free evolutionof a wave packet X(RQM;t) is obtainedby
discretization:
x(RQM;t+~t)
J ' ( I !
iK~toM
)1
'
)
,
= dRQM RQM exp - !i - RQM DAF X(RQM ;t)
(10)
It isalsonotedthat,
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ForDAF approximation,thisbecometrueonlyatlargevaluesofM,
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Where /').x is thegriddiscretizationin onedimension.ThevariablesM and a (0)
determinethe accuracyandwidthof the DAF. Theseparametersare not
independentandforagivenvalueof M thereexistsaa (0)thatprovidesoptimal
accuracyforthepropagation.
3.2.2Constructionof Symmetry-adaptedDAF Representationfor freepropagator
As wediscussed,thewavefunctionforthequantumparticeis notcontinuous
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ontheboundaries,thewavefunctiononandoutsidetheboundariesi zeroandthe
propagationdoesnot workverywell neartheboundaries.The approachto
overcomethisshortageis to assumethatwehavewavefunctionin thewhole
space,andthewavefunctionhassomesymmetryproperties.The simplest
symmetryaonedimensionalwavefunctioncanhaveinspaceisCZv.Forexample,
ourwavefunctioninsidethepotentialwelllookslike:
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Figure1Wavefunctionin potentialwell
After expandingthewavefunctionin thewhole spaceandmakeit haveCZv
symmetry,thewavefunctionlookslike:
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Figure2 ExpandedWavefunctionin wholespace
Wecanseethatafterexpansion,thewavefunctionis continuousin thewhole
space.Thefirstderivativeis zeroon theboundaries,whichis calledNeumann
boundaryconditionfordifferentialequation.
Eq.(10)canbewrittenas,
x( RQM;t+6.t)
= i:oo dR'QM8DAF(RQM-R'QM)X(R'QM;t)
(14)
Where 8DAF(RQM- R'QM) is theDAF representationfor freepropagator.After
expansion,thewavefunctionbecomesperiodicwithperiodof fourtimesof the
lengthoftheboxL. Eq.(11)issimplifiedto,
x (RQM;t + 6.t)
r4L, (
'
)
'
= Jo dRQMDDAFRQM-RQM X(RQM;t)
(15)
'hc:l2.1. chi' ul-
j ..
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Where DDAF(RQM- R'QM) = .z=DDAF(RQM- R'QM+4nL). Althoughwetakethe
n=-oo
limit of sumto be infinite,thebandednatureof DDAF(RQM- R'QM)assuresthat
theDAF is significantlynonzeroonlyin a finiteneighborhoodof RQM.Hence,the
upperandlowerlimitsofthesumcanbetaken,infact,tobefiniteandsmall.The
actualvalueschosen,however,dependon thechoiceof cr/!1(here,!1is thegrid
spacingbetweenuniformgridpoints)andM (for theHermite-DAF),andthe
number of grid points, N. Hence,
"0
DDAF(RQM- R'QM) = .z= DDAF(RQM- R'QM+ 4nL) is a numerically accurate
n=-"o
definition.
We nowfurtherreduceDDAF(RQM- R'QM)operator,usingC2vsymmetry.We
haveseenthatafterexpansionof thewavefunction,it hasC2vsymmetryin the
interval[O,4L].SoEq.(12)canbesimplifiedfurtherto,
x( RQM;t+ /j.t)
= lL dR'QMtDAF(RQM,R'QM)X(R'QM;t)
(16)
Here, TDAF(RQM'R'QM) is the symmetry-adaptedrepresentationfor the free
propagator,it containsall the symmetryinformationof the wavefunction
belongingto C2vgroup.
The wavefunctionnow havesomesymmetrybelongsto C2vgroup.The C2v
charactertablehasthefollowingform,
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It is obviousthat our expandedwavefunctionhasAI symmetry,andhencewe
canusethecharacterof AI symmetryandthe"GreatOrthogonalityTheorem"to
constructthesymmetry-adaptedDAF representationf rfreepropagatoras:
TDAF (Ri QM ' RJ QM )
/2-D. -D
- \j R'QM,O R'QM,1f/2
[ ( i - J )- DDAF RQM R QM +
DDAF(RiQM- RJ QM- 2L)+ DDAF(RiQM+ R1QM)
~2-DR} ° -DR} /2+D (Ri +RJ - 2L) ]
QM' QM,1f
DAF QM QM .J2
(17)
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~2-8RiQJ{78-;::J{~2- and ~2-8RJQJ{,o-8RJQJ{,7f/2 are the factorsdue to the
J2 J2
trapezoid-rulequadratureapproximationto theintegralin Eq. (13)usinggrid
points {RiQM}.
Theexpressionofthesymmetry-adaptedDAF representations writtentocode
usingFORTRAN 77,andnumericaltestis donebasedon thea Gaussian-like
wavefunction( seeAppendix).
.IV Result
4.1 The comparisonof propagationbetweenthe non-symmetry-adaptedand
symmetry-adaptedDAF for freepropagator
Theparametersarechosenasfollows:
MQM = 1837.15265a.u, /:).t = 0.413437a.u, the grid spacing /:)'RQM
0.3149533a.u,numberofgridpointsis 137
First,wecomparethe I(7jJi non-symmetry_7jJi symmetry)I at everyuniformgrid point,
where 7jJinon-symmetryeansthe propagatedwave functionwith non-symmetry
adaptedDAF, 7jJilymmetryis thepropagatedwavefunctionwith symmetryadapted
DAF. We alsogetthestandardeviation,
N
L I (7jJinon-symmetry- 7jJi symmetry) 12
i=l
N (18)
a=
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WhereN is thenumberof gridpoints.
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Figure3 Deviationbetweenthenon-symmetryadaptedandsymmetryadaptedDAF whenM=20
Thestandardeviationis 1.2068x10-36whenM=20
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Figure4 Deviationbetweenthenon-symmetryadaptedandsymmetryadaptedDAF whenM=30
Thestandardeviationis 4.1678x10-35forM=30
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Figure5 Deviationbetweenthenon-symmetryadaptedandsymmetryadaptedDAF whenM=40
Thestandardeviationis 1.1889xl 0-33forM=40
So wecanseethatthesymmetry-adaptedDAF is a goodapproximationfor the
freepropagator.
4.2Thetestfor ,6.t-7 0 ofsymmetry-adaptedDAF
Welet ,6.t=0,thenaswesaidbefore,theDAF is a goodapproximationf
Diracfunction.
Wecomparetheoriginalfunctionandthefunctionwith,
x(RQM ;t)
= foL dR'QM/5DAF(RQM,R'QM)X(R'QM;t)
(19)
We chooseM=20,plot IX (RQM;t)- X(R'QM;t) I
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Figure6 Thedeviationbetweentheoriginalfunctionandthenewfunction
SowecanseethatheDAF isagoodapproximationtoDiracfunction.
.V Futurework
My futurework is to putmy symmetry-adaptedco ein Gaussian,anddo
dynamicsresearchofMMO.
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